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A CLASSICAL APPROACH TO GLOBAL BIFURCATION




In the theory of the di¤erential equations and the dynamical systems, one of the
signiﬁcant problem is to understand the structure of the steady states, particularly
including several bifurcation phenomena with respect to several parameters. Let us
introduce the following problem of di¤erential equations:
e2uxxðxÞ þ f ðuðxÞÞ ¼ 0 in ð0; 1Þ;
uxð0Þ ¼ uxð1Þ ¼ 0;

ð1:1Þ
where f A C1ðRÞ and e is a positive (bifurcation) parameter. The problem (1.1) is
the simplest bifurcation problem, and has been extensively studied by many authors
since 1960’s. In view of the bifurcation, we assume that f has exactly three zeros
u < 0 < uþ and they satisfy fuð0Þ > 0 and fuðuGÞ < 0. Then the corresponding para-
bolic partial di¤erential equation to (1.1), which is called as the Chafee-Infante problem
(Allen-Cahn type equation, or Ginzburg-Landau equations), possesses two stable steady
state u ¼ uG and one unstable state u ¼ 0. The property of f is called as bistablity.
The solution structure of (1.1) is given as follows. For any n A N, it appears the branch




=npÞ1Þ, which is bifurcating from the line
of trivial solution u ¼ 0 at e ¼ ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃfuð0Þp =npÞ1. For the typical example f ðuÞ ¼ u u3,
we show in Figs. 1–3 that the global bifurcation diagram and n-mode solutionsGun; eðxÞ.
For details, see for instance, [1], [2] and [3].
In this article we revisit the global bifurcation problem on the following boundary
value problem for systems of di¤erential equations:
e2uxx þ ð1 u bvÞu ¼ 0 in ð0; 1Þ;
e2vxx þ ð1 cu vÞv ¼ 0 in ð0; 1Þ;
uxð0Þ ¼ uxð1Þ ¼ 0;




where e > 0 and b; c > 0. The problem (1.2) is a special case of the stationary problem
of Lotka-Volterra competition di¤usion system, which describe the population dynamics
of two competying species. In [4] Kanon have considered (1.2) in the special case
b ¼ c > 1;
Figure 1. Bifurcation diagram of (1.1) in ðe1; aÞ-plane, where a ¼ uð0Þ.
Figure 2. Graphs of un; eðxÞ with e ¼ 1=12: (a) 1 mode sol. u1; e, (b) 3 mode sol. u3; e.
Figure 3. Graphs of un; eðxÞ with e ¼ 1=24: (a) 1 mode sol. u1; e, (b) 3 mode sol. u3; e.
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and obtained the global bifurcation structure of (1.2), which is similar to the one of (1.1)
with the case f ðuÞ ¼ u u3. We note that under the assumption (1.2) also posseses the
bistability.
The purpose of this article is to show a global bifurcation structure of (1.2) by
a di¤erent approach from [4]. More precisely, for special case of b and c, we simply
give expressions of every nontrivial solutions of (1.2) in terms of elliptic functions. It
should be noted that qualitatively, our result does not give new information on the
global bifurcation structure of (1.2). On the other hand, we obtain the expressions of
the linearized operator around the bifurcating solution in terms of the elliptic func-
tions. The properties of the linearized operator would be studied in the forthcoming
articles.
Our approach is motivated by recent papers [5], [6] and [7] on the global bifurcation
problem from some reaction-di¤usion systems. Also, the linearized operators associated
with the single equations (1.1) are studied in [8]–[12].
The organization of the article is as follows. In section 2 we give the main results
on (1.2). In section 3 we prepare preliminary results on the elliptic function and the
elliptic integral. In section 4 we give the proofs of main results.
2. Main results
Lotka-Volterra competition di¤usion system corresponding with (1.2) is given by
ut ¼ e2uxx þ ð1 u bvÞu ¼ 0 in ð0; 1Þ  ð0;yÞ;
vt ¼ e2vxx þ ð1 cu vÞv ¼ 0 in ð0; 1Þ  ð0;yÞ;
uxð0; tÞ ¼ uxð1; tÞ ¼ 0;




with the initial condition at t ¼ 0
ðuðx; 0Þ; vðx; 0ÞÞ ¼ ðuinitðxÞ; vinitðxÞÞ in ð0; 1Þ
with nonnegative uinit and vinit.
We say ðu; vÞ ¼ ðuðxÞ; vðxÞÞ is a positive steady state of (2.1) (positive steady state
of (1.2)) if this pair satisﬁes (2.1), and uðxÞ > 0, vðxÞ > 0 for x A ½0; 1. The linearized

















where j;c A C2ð0; 1Þ and jxð0Þ ¼ jxð1Þ ¼ 0, cxð0Þ ¼ cxð0Þ ¼ 0.
Remark 2.1. It is worth noting that (2.1) possesses a comparison principle
due to an ordering to ðu; vÞ with ub 0 and vb 0 and the comparison principle is
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often useful for analysis of (1.2) and (2.1). Indeed, in [4] the nondegeneracy of the
linearized operator with respect to nontrivial solutions of (1.2) by using comparison
argument.
We now assume that
b > 1; c > 1:
Under this assumption, (2.1) have three trivial steady states ðu; vÞ ¼ ð0; 0Þ; ð1; 0Þ; ð0; 1Þ
and the positive constant steady state






Moreover, (2.1) has the bistable structure: for every e > 0 it has two stable states ð1; 0Þ,
ð0; 1Þ and one unstable steady state ðu; vÞ. A standard linearization argument implies
that the inﬁnite number of bifurcation occur from ðu; vÞ. This observation is justiﬁed
by [4].
Our ﬁrst result shows the expression of monotone solutions (they correspond to
1-mode solutions) which bifurcates from ðu; vÞ at some e1 > 0. For a description of
1-mode solution, we prepare an elementary lemma for the complete elliptic integrals.
Lemma 2.1. Let k A ð0; 1Þ and let KðkÞ be the complete elliptic integrals of the ﬁrst





k4 þ 34k2 þ 1
pq
KðkÞ: ð2:3Þ
Then, the equation AðkÞ ¼ l has the unique solution kðlÞ A ð0; 1Þ if and only if l A
ð ﬃﬃﬃ6p p=2;yÞ. Moreover, kðlÞ is continuous, increasing with respect to l, lim




Theorem 1. Let b ¼ c ¼ 5. Suppose kðlÞ be the number as in Lemma 2.1. For
x A ½0; 1 and k A ð0; 1Þ deﬁne WGðx; kÞ by
WGðx; kÞ ¼ 1
2
þ p0ðkÞG p1ðkÞwðx; kÞ þ p2ðkÞwðx; kÞ
2
5k2 þ 5þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃk4 þ 34k2 þ 1p
where
p0ðkÞ ¼ 2ð1þ k2Þ;
p1ðkÞ ¼ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
17ð1þ k2Þ þ 5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ












Assume e A ð0; 2=ð ﬃﬃﬃ6p pÞÞ. Then, ðWGðx; kð1=eÞÞ;WHðx; kð1=eÞÞÞ are two positive solu-
tions of (1.2) satisfying ðWþÞx < 0, ðWÞx > 0 for x A ½0; 1.
Remark 2.2. If b0 5 or c0 5, then there is no positive solution ðu; vÞ which can
be expressed with the polynomial of the elliptic function as in Theorem 2.1.
Remark 2.3. The elliptic function snðz; kÞ is 4KðkÞ-periodic and has the following
symmtetric properties: for any k A ð0; 1Þ and z A R,
snðzþ 2KðkÞ; kÞ ¼ snðz; kÞ; snðz; kÞ ¼ snðz; kÞ:
Therefore, it follows that
Wðx; kÞ ¼ Wþð1 x; kÞ:
It follows from Lemma 2.1 that
lim
e!e!2=ð ﬃﬃ6p pÞðW







uniformly in x A ½0; 1. This fact leads us to that ðWG;WHÞ bifurcate from ðu; vÞ
at e ¼ 2=ð ﬃﬃﬃ6p pÞ and gives the global branch of 1-mode solutions. The nondegeneracy
result in [4] assures that there is no secondary bifurcation from the branch of nontrivial
solutions.
The following corollary (with the nondengeracy) determine the structure of global
bifurcation diagram.
Corollary 1. Let b ¼ c ¼ 5 and n A N. For each n and e A ð0; 2=ð ﬃﬃﬃ6p npÞÞ, set
ðuGn; eðxÞ; vGn; eðxÞÞ :¼ ðWGðnx; kð1=ðneÞÞ;WHðnx; kð1=eÞÞÞ:





npÞ. Moreover, if e A ð2=ð ﬃﬃﬃ6p ðmþ 1ÞpÞ; 2=ð ﬃﬃﬃ6p mpÞÞ, then there exist exactly
2m nontrivial positive solution of (1.2), and they are given by ðuGn; e; vGn; eÞ (n ¼ 1; . . . ;mÞ.
For the global bifurcation diagram and n-mode solutions, see Figs. 3 and 4.
Finally, we derive the expressions of the linearized operator in terms of the elliptic
functions.
Corollary 2. Let b ¼ c ¼ 5 and e A ð0; 2=ð ﬃﬃﬃ6p npÞÞ. Let ðuGn; eðxÞ; vGn; eðxÞÞ be as in
Corollary 2.1. Denote the linearized oparator of (1.2) associated with ðuGn; eðxÞ; vGn; eðxÞÞ
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where












In this section we introduce deﬁnitions and elementary property of elliptic integrals
and the elliptic functions. Let k A ½0; 1Þ and n A C. First, the complete elliptic integral







Figure 4. Bifurcation diagram of (2.1) in ðe1; aÞ-plane, where a ¼ uð0Þ.
Figure 5. Graphs of ðu3; eðxÞ; v3; eðxÞÞ (left) k ¼ 2=10 (right) k ¼ 9=10.
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for z A ½0;KðkÞ, and it is extended to a smooth and periodic function on R in the
standard way.
The function snðz; kÞ can be also characterized by the solution of nonlinear
di¤erential equation
w2z ¼ ð1 w2Þð1 k2w2Þ for all z A R ð3:1Þ
with wð0Þ ¼ 0 and wzð0Þ ¼ 1. Also, it is the unique solution of
wzz ¼ ð1þ k2Þwþ 2k2w3; in R;
wð0Þ ¼ 0; wzð0Þ ¼ 1:

ð3:2Þ
Hence the following proposition easily comes from (3.1), (3.2) and the symmetric
property of snðz; kÞ.
Proposition 3.1. Let k A ð0; 1Þ, g > 0 and e > 0. Set




; k A ð0; 1Þ:
Then, the function w satisﬁes the followings:
( i ) e2ðwxÞ2 ¼ g2ð1 w2Þð1 k2w2Þ for x A R,
( ii ) e2wxx ¼ g2wðð1þ k2Þ þ 2k2w2Þ for x A R,





¼ 2KðkÞ, then wx < 0 for x A ð0; 1Þ and wð1Þ ¼ 1, wxð1Þ ¼ 0.
Proof. A standard argument for the ordinary di¤erential equation shows the claim
of the proposition. So we omit a detail. r
4. Proofs of main results
In this section we give proofs of Lemma 2.1 and Theorem 1.
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Proof of Lemma 2.1. We observe from the monotonicity of K that A : ð0; 1Þ ! R












Hence a standard continuity argument shows us all of the claims in the lemma. r
Lemma 4.1. Let b > 1, c > 1. The homogeneous linear equations
2bcþ 3b 5 3bðb 1Þ









has nontrivial solution if and only if ðb 3Þðc 3Þ ¼ 4. Moreover, when b ¼ c ¼ 5, the







with some s A R.
Proof. A proof can be done by using a standard linear algebra. We omit a proof.
r
Proof of Theorem 1. Suppose b > 1, c > 1. First we assume that (1.2) has the
positive solution ðu; vÞ of the form:
uðxÞ ¼ FðwðxÞÞ; vðxÞ ¼ CðwðxÞÞ;
where





with k A ð0; 1Þ, g > 0 and F and C are polynomials of w. Note that k, g, F and C
are to be determined later. Then, it follows from (1.2) and Proposition 3.1 that it is
satisﬁed for w that P1ðwÞ ¼ 0 and P2ðwÞ ¼ 0, where
P1ðwÞ :¼ ðFðwÞFww þ 12F 0ðwÞFwÞ þ ð1FðwÞ  bCðwÞÞFðwÞ;
P2ðwÞ :¼ ðF ðwÞCww þ 12F 0ðwÞCwÞ þ ð1 cFðwÞ CðwÞÞCðwÞ

ð4:2Þ
with F ðwÞ :¼ g2ð1 w2Þð1 k2w2Þ.
By a degree analysis of the polynomials, we set
FðwÞ :¼ p0 þ p1wþ p2w2; CðwÞ :¼ q0 þ q1wþ q2w2:
By substituting the above into (4.2), we are led to
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P1ðwÞ ¼ p2ðp2  bq2 þ 6g2k2Þw4
þ ½ð2p2  bq2 þ 2g2k2Þp1  bp2q1w3
þ ½ð2p2 þ bq2Þp0  bp2q0  p1ðp1 þ bq1Þ þ p2ð1 4g2ð1þ k2ÞÞw2
þ ½2ðp1 þ bq1Þp0  bp1q0 þ p1ð1 g2ð1þ k2ÞÞw
þ ½p0ðp0 þ bq0  1Þ þ 2g2p2
and
P2ðwÞ ¼ q2ðcp2  q2 þ 6g2k2Þw4
þ ½cq2 p1 þ ðcp2  2q2 þ 2g2k2Þq1w3
þ ½cq2 p0  ðcp2 þ 2q2Þq0  q1ðcp1 þ q1Þ þ q2ð1 4g2ð1þ k2ÞÞw2
þ ½cq1 p0  ðcp1 þ 2q1Þq0 þ q1ð1 g2ð1þ k2ÞÞw
þ ½q0ðcp0 þ q0  1Þ þ 2g2q2:
Therefore, P1ðwÞ1 0 and P2ðwÞ1 0 are equivarent to the following overdetermined
systems of algebraic equations:
p2ðp2  bq2 þ 6g2k2Þ ¼ 0; ð4:3Þ
ð2p2  bq2 þ 2g2k2Þp1  bp2q1 ¼ 0; ð4:4Þ
ð2p2 þ bq2Þp0  bp2q0  p1ðp1 þ bq1Þ þ p2ð1 4g2ð1þ k2ÞÞ ¼ 0; ð4:5Þ
2ðp1 þ bq1Þp0  bp1q0 þ p1ð1 g2ð1þ k2ÞÞ ¼ 0; ð4:6Þ
p0ðp0 þ bq0  1Þ þ 2g2p2 ¼ 0; ð4:7Þ
q2ðcp2  q2 þ 6g2k2Þ ¼ 0; ð4:8Þ
cq2 p1 þ ðcp2  2q2 þ 2g2k2Þq1 ¼ 0; ð4:9Þ
cq2 p0  ðcp2 þ 2q2Þq0  q1ðcp1 þ q1Þ þ q2ð1 4g2ð1þ k2ÞÞ ¼ 0; ð4:10Þ
cq1 p0  ðcp1 þ 2q1Þq0 þ q1ð1 g2ð1þ k2ÞÞ ¼ 0; ð4:11Þ
and
q0ðcp0 þ q0  1Þ þ 2g2q2 ¼ 0: ð4:12Þ
We ﬁrst note that if either p2 ¼ 0 or q2 ¼ 0, then ðFðwÞ;CðwÞÞ is not positive as a
function of x. Hence p20 0 and q20 0. It follows from (4.3) and (4.8) that
p2 ¼ 6k
2g2ðb 1Þ
bc 1 ; q2 ¼
6k2g2ðc 1Þ
bc 1 :
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Then, (4.4) and (4.9) are equivarent to the homogeneous linear equations
2bcþ 3b 5 3bðb 1Þ









It follows from Lemma 4.1 that if ðb 3Þðc 3Þ0 4, then (4.13) has only trivial
solution; it do not lead us to the positive solution.
Here we assume b ¼ c ¼ 5. Then, it follows from Lemma 4.1 that
p1 ¼ skg2; q1 ¼ skg2
with some unknown s A Rnf0g. We note that in the case b ¼ c ¼ 5
p2 ¼ q2 ¼ k2g2:
From this fact with (4.7) and (4.12), we put
p0 ¼ q0 ¼ tg2
with some unknown t > 0.
Hence, the remaining equations (4.5)–(4.7) and (4.10)–(4.12) is equivarent to
4g2ðð1þ k2Þ þ 3t s2Þ  1 ¼ 0; ð4:14Þ
g2ðð1þ k2Þ þ 2tÞ  1 ¼ 0; ð4:15Þ
and
2g2ð3t2  k2Þ  t ¼ 0: ð4:16Þ
Therefore, we obtain from (4.14)–(4.16) that
t ¼ 1þ k












Therefore, we have shown that for
FGðwÞ :¼ 1
2




ðFGðwðxÞÞ;FðwðxÞ; kÞÞ solve the two equations of (1.2).
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5ðk2 þ 1Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k4 þ 34k2 þ 1
pq
KðkÞ
then ðFGðwðxÞÞ;FðwðxÞ; kÞÞ are two positive solutions of (1.2). By using Lemma 2.1,
k ¼ k 1
e
 
is given if and only if e A ð0; 2=ð ﬃﬃﬃ6p pÞÞ.
Thus the proof is completed. r
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